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This document provides proofs of the theoretical results in the main text. All notation and

assumptions are as in the main text.

Appendix Al. Technical lemmas

Lemma 1 (Joint FCLT for window fluctuations). Under Assumptions 1-2, for any distinct windows

k # £ that are not asymptotically fully overlapping,

Uy, T Kol
T =N, Sy with Sie= ; (1)

Uem Kol I

where Xy 1s a 2d x 2d block covariance matriz.
Proof. Recall X; = h(Z;) — 0y € RY, where 6y = E[h(Zy)] under the global null Hy. Let S, :=

> i1 X¢ with the convention Sy = 0 and define the partial-sum process

1
Sm(t) = 7mS|_mtj> t >0,

NG

where |-| denotes the floor function. Under Assumption 1, a functional central limit theorem
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(FCLT) holds in D([0, L], R%) for any fixed L < oo,
Sm(-) = B(-),

where = denotes weak convergence and B(+) is a d-dimensional Brownian motion with Cov(B(t)) =
tT' (Herrndorf, 1985).
Each window fluctuation can be written as an increment of the partial-sum process. In the k-th

window Wi ={k,k+1,...,k+m — 1},

—~ 1 ~
Ok.m = p. Z h(Z;) and Ukm = m(ekm — bp).
teWy,

Therefore,

and similarly Uy, = (Se4m—1 — Se—1)/v/m.

Let sgp := |¢ — k|. By Assumption 2, 6,, = sge/m — 0 € (0,00). Hence, the windows are not
asymptotically fully overlapping. Since {X;} is strictly stationary under Hy, the joint distribution
of the two window increments depends on (k,¢) only through the separation sps. Therefore, we
may shift indices and work with the representative pair of windows starting at 1 and 1+ sg¢, which

yields

Sm =80 Smisy — s
(Uk,vaZ,m) i ( \/m 07 +f;m k[>7

where 2 denotes equality in distribution. Choose L > 1+ dg¢. Then 1+ 6,,, < L for all sufficiently
large m. We have |mdy,| = sk and [m(1 + 0p,)] = m + Sge, SO (Smtsp, — Sspe)/VM = Sy (1 +
Om) — S (9pm). Thus,

(Uk,ma UZ,m) i (Sm(l) - Sm(o)a Sm(l + 5m) - Sm((sm))

We have S,,, = B in D([0, L], R%). Since 6,, is deterministic and d,, — d¢, we have (Sy,, 0p) =
(B, dke) in D([0, L},R?) x R. Define the increment map ¥(z,8) := (z(1) — z(0), (1 + ) — z(J))

for x € D([0,L],R%). W is almost surely continuous at (B, d) because B has continuous sample



paths. Therefore, by the continuous mapping theorem (Billingsley, 1999), we obtain
(Ukyms Uem) = (B(1) — B(0), B(1 4 k) — B(6re)) = (Mg, Ag),

where the limit (Ag, Ay) is centered and jointly Gaussian.
We next compute the covariance of (Ag, Ay). Since Cov(B(s), B(t)) = min{s,t}I', we have
Cov(B(b) — B(a), B(d) — B(c)) = Ha, bl N [e, d]}F. Therefore,

Var(Ak) = Var(Ag) =TI and COV(Ak, Ag) = HO, 1] N [5kg, 1+ 5kg] ‘F = kel

where kg = max{l — i, 0}. This completes the proof. d

Lemma 2 (Asymptotically tail-independent Gaussian norm exceedances). Let (A1, Ag) be a cen-

tered jointly Gaussian vector in R% x R® with block covariance matriz

Al T kI
Cov = , k€ [0,1),
AQ kI’ I

where I" is positive semidefinite and satisfiesI'j; > 0 for j =1,...,d. Let ||-|| denote the Euclidean

norm. Then for any n > 0 satisfying (1+1n) < \/2/(1 + k), as x — oo,
P([A1]] = z, [|Ao]| = 2) = o(P(|A1] = (1 +n)z)).

As a consequence,

P(|AL]l > 2, |A2]] > z) = o(P(| A1 > 2)).

Proof. Write (-,-) for the Euclidean inner product. Let U = {u € R? : ||u|| = 1}. Fix ¢ € (0,1)
(to be chosen later). Let M. C U be an e-net of U. A standard covering-number bound implies
INZ| < (2/e +1)% < (3/¢)%; see (Vershynin, 2018, Corollary 4.2.11). The net yields the following

reduction: for any z € R% and any = > 0,

{llzll =z} < | {(u,2) = (1 - e)a).

ueN:



To see this, assume z # 0 and set u* = z/||z|| € U. Choose u € N with |ju — u*|| < e. Then
(u,2) = (W, 2) + (u =, 2) = |l2]| + {u — ", 2) = |l2]| = [Ju = W[ [|2] = (1 = &)=

This verifies the reduction; the case z = 0 is trivial.
Fix u,v € N.. Set A, := (u, A1) and B, := (v, As). Set y := (1 —&)x. Applying the reduction

above to Ay and Ay and intersecting the resulting events yields

(Al = e, Al =2} € | U {Au v, Bo =),

uENe veEN:
By the union bound,
P(IA 2 2, 4] 2 ) < NP maxe P(Ay >y, By 2 ). (2)

We now bound P (A, >y, B, > ) uniformly over u,v € Nz. Let o2 := Var(4,) = u' T'u and
o2 := Var(B,) = v'T'w. If o, = 0 then A, = 0 almost surely, so P(A, > y,B, > y) = 0 for
y > 0; similarly for o, = 0. Hence we may assume o, 0, > 0 and standardize X := A, /o, and
Y := B,/o,. Since (A1, Ag) is centered jointly Gaussian, (A,, B,) is centered bivariate normal;
hence (X,Y) is standard bivariate normal with correlation p, where
Cov(Ay, By) u' T

p=Corr(X,Y) = =K .
( ) OuO0vy VuTTuvoTTv

By the Cauchy—Schwarz inequality, |p| < k < 1, and therefore X +Y ~ N(0,2 4 2p). Let ® be
the standard normal CDF, ® = 1 — ® its upper tail, and ¢ its density. Since {X > a,Y > b} C

{X+Y >a+b} for any a,b € R, we have

~( a+b
P(X>a, Y>2b)<PX+Y > ) <P — | .

Take a = y/o, and b = y/0,. Let Apax > 0 be the largest eigenvalue of I and set omax = v/ Amax-



Then oy, 0y < omax. Consequently,

atb | Wows o [T

2+2p  \2+2k 1+ £ Omax
Define 8 := (1 —€)4/2/(1 + k). Since ® is decreasing, the above inequality implies the uniform
bound

Omax

Combining this inequality with the union bound in (2) yields

il 2 o 1l 200 < (2) a3 1), ®)

Omax

using |AZ] < (3/2)%

Next we lower bound the marginal tail. Let w € U be a unit eigenvector corresponding to Amax.
Then (w, A1) ~ N(0, Amax). Because (w, A1) < ||lw|| ||A1]| = [|A1]], it follows that {(w, A;) > s} C
{||A1]] > s}. Hence,

P8l 2 ) = B(lw Az 9) =@ (). (1)

Omax
Fix n > 0 with (1 +7) < \/2/(1+ k). Then we can choose € € (0,1) small enough so that
f=(1-¢)y/2/(1+ k) >1+n. Dividing (3) by (4) with s = (1 + n)x gives

P(lAL > 2, Ao > 2) _ <3>2d _ 2(Bt)
P((lA1]] > (1 +n)z) e) @(dL+n)t)

where we write ¢t = /0 max.
It remains to show that ®(5t)/®((1 +n)t) — 0 as t — oo. Standard Mills’ ratio bounds imply
that, for any r > 0,

Tz <20 < ¢E*r)'

Combining the upper bound for ®(3t) and the lower bound for ®((1 + 7)t), we obtain

() $(Bt)/(Bt) (L2 (2
O((1+n)t) = H((L+n)t) - (L+n)t/(1+ (14 n)2t2) - B(1+ )2 exp<2 ((1 + 77)2 - /82)> .

Since 8 > (1 + n), the exponent is strictly negative and the right-hand side tends to 0 as t — co.



This proves

P(|AL = 2, Azl = 2) = o(P(|AL]] = (1 +m)z)).
In particular, since P([|A1|| > (1 +n)z) < P(||Aq]] > ),

P(lAL > 2, [[As]| > )
P(|A] = =)

P(IAL]] >, [|Asfl > =)
P(|AL]l > (1 +n)z)

<

This completes the proof.

Lemma 3 (Comparability of tail radii). Under Assumption 3, define

8(r) = sup [r(u,&) —g(ul)|,  r=M.

flul[=r

Then 6(r) — 0 as r — oco. Define the envelope functions on [M,o0) by

I
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(r) :=g(r) +6(r),
and the generalized inverse radii
ry(x) :=inf{r > M :g(r) > z}, r_(z) :=inf{r > M : g(r) > x}.

Assume the following inverse-shift reqularity for g: for every fixed a > 0,

9 '(y+a)

—1 as y— oo,
97 ()

where g~Y(y) := inf{r > M : g(r) > y}. Now fir ¢ > 0. Then for any n > 0 there exists yo such

that for all y > yo,

r—(y+e) < (1+n)re(y—e).

Proof. Fix e > 0 and n > 0, and let y — oo. Since 6(r) — 0, choose R > M such that §(r) < e/4
for all » > R. Since g is nondecreasing and tends to infinity, g~ !(y) — oo as y — co.

We first derive a lower bound on 74 (y —¢). Let rg := g~ *(y — 5¢/4). We claim that g(r) < y—e



for every r < ro and all sufficiently large y. Fix r < rg. Then g(r) < y — 5e/4. Consider two cases.
If > R, then §(r) < ¢/4, and hence

) =) +60) < (5= )+ 5 =y--

If r < R, then g(r) < sup,epar, g 9(s) < 00, so g(r) <y — ¢ for all sufficiently large y. Thus, in both
cases, no r < ro can satisfy g(r) > y — ¢, so the infimum defining r1 (y — €) is at least 9. Hence
r+(y —¢e) = ro.

Next we derive an upper bound on r_(y + ¢). Let ry := g~ (y + 5¢/4), so g(r1) > y + 5¢/4.
Since r; — oo, we have r; > R for all large y, and thus 6(r;) < ¢/4. It follows that

gmjzmnwwwoz(y+f)_i:y+a

Hence the infimum defining r_(y + ¢) is at most ry, that is, r_(y +¢) < ry.

Combining r4(y —€) > ro and r_(y + €) < r1, we obtain that for all sufficiently large y,

~ 9 y+5e/4) g y+5e/4) g7 (w)
~ gty — 5e/4) 9 Hy) g Ny —5e/4)

r_(y+e)
r+(y —¢)

By the inverse-shift regularity, the right-hand side converges to 1, so there exists yg such that for

all y > yg the ratio is at most 1 + 7, i.e.,

This completes the proof. O

Lemma 4 (Tail inclusions for p-value events). Under Assumptions 34, write Tj, p, = T(Ug m,&o) +
Ry with Ry, = op(1) under Hy. Define cpp(u) := inf{t € R : m,(t) < u}. Fize > 0. Let
0,9,9,m+, and r_ be defined as in Lemma 3. Choose u small enough so that, for all sufficiently
large m, ¢ (u) £ € fall in the region where Assumption 3 applies; equivalently, ry(cm(u) —¢) and

r_(cm(u) +€) exceed M. The following statements hold:



o Upper inclusion.
{Prm < u} {1 Ukl = r4-(em(w) =€)} U {|Rim| > e}
consequently, for any ¢,
Bk < bt <) < B([Uknll 2 74 (emw) =€), Ul = 4 (em(u) =) ) + (1), (5)
o Lower inclusion.
{I1Ukmll = r—(em(u) + &)} S {ppm < u} U {|Rem| > e}

consequently,

P(pim < 1) = P(|[Upnll = 7 (em(u) +€) ) = o(1). (6)

Here o(1) = 0 as m — oo.

Proof. Since my, is strictly decreasing on the relevant upper tail, the event {p , < u} is equivalent

to {Tkm > cm(u)}. We first prove the upper inclusion and the joint probability bound. Write
{Tiom 2 em(W)} S ({Tim = em (W)} N {[Rigm| < €3) U {[Rim| > €}

On the intersection event of the above decomposition, we have 7(Ugm,&) = Thm — Rem >
¢m(u) — €. By the definition of 6 and g, we have 7(v,&) < g(||v||) for all v with |[v|| > M.
Applying this with v = Uy, gives g(||Uk,ml|) > ¢m(u) — €. This implies ||Ug || > r4(cm(u) —€)

by the definition of r;. Therefore

({Thm = em(u)} NV {|Biam| < €}) S {1Ukmll = 7 (em(u) — )},

which yields the upper inclusion. The same argument applies to window /. Intersecting the two



inclusions yields

{pk,m < u, Pem < u} C {HUk,mH >ry (Cm(u) - 5)7 HUZ,m” >y (Cm(u) - 5)}

U {|Rk,m| > e} U{|Rpm| > €}

Taking probabilities and using P(|Rg m| > €) + P(|Rm| > €) = o(1) yields the joint probability
bound (5).

We next prove the lower inclusion and the marginal probability bound. On the event ||Uy | >
r_(cm(u) + €), the definition of r_ gives g(||Uxmll) > cm(u) +¢e. Since 7(v,&) > g(|[v]]) for
all ||v|| > M, it follows that 7(Ugm,&0) > cm(u) + . Consequently, on {|Rj.,| < €}, we have

Tim = T(Ugm, &0) + Rim > ¢m(u). Thus,

{IUkmll = r—(em(u) +€) } S {Them = em(w)} U {|Rkml > €},

which proves the lower inclusion. Taking probabilities and using P(|Rj | > €) = o(1) yields the

marginal bound (6), completing the proof. O

Appendix A2. Proof of Proposition 1

Proof. We fix two distinct windows k # ¢ that are not asymptotically fully overlapping. Lemma 4
converts the lower-tail events of (pg m,prm) into norm exceedances of the window fluctuations
(Uk,m>Uem ), while Lemma 3 aligns the two radii appearing in the resulting upper and lower bounds.
Passing to the limit m — oo, Lemma 1 provides a joint Gaussian limit, and Lemma 2 yields tail
independence for the corresponding Gaussian norm exceedances. Finally, letting v | 0 completes
the argument.

We first relate p-values to window fluctuations. Fix € > 0 and u small enough so that Lemma 4

applies. Define x4 (u, m) := ry(cp(u) —¢) and x_(u,m) := r_(cm(u) + €). By Lemma 4,

P(pk,m S U, Po.m S u) S IP)(HUk,mH Z x+(u, m)v ||UZ,mH Z x+(u,m)) + 0(1) (7)



and

P(prm < u) 2 P(||Upml = 2 (u,m)) - o(1), (8)

where o(1) — 0 as m — 0.

We next transfer the window-fluctuation exceedances to the Gaussian limit. By Lemma 1, we
have (Ugm,Urm) converges weakly to (Ag,Ay), where the limit is jointly Gaussian with block
correlation parameter ki € [0,1). By Assumption 4, 7, converges uniformly to 7 on the relevant
upper tail, so ¢, (u) = c(u) = inf{t : 7(t) < u} as m — oo. For u small enough, c(u) lies in the
tail region. Hence 4 (u,m) — x4 (u) := ry(c(u) —€) and 2_(u,m) — z_(u) := r_(c(u) +¢€). For
any fixed a < zy(u) < b we have a < x4 (u, m) < b for all sufficiently large m. Therefore the joint
event is eventually sandwiched between the corresponding fixed-threshold joint events at levels a
and b. The same sandwiching argument applies to the marginal event because x_(u, m) — x_(u).
Applying the Portmanteau theorem to these fixed-threshold events and using that the Gaussian

law assigns probability zero to the relevant boundaries yields

P(|Ukmll = w4 (w,m), [Upmll = 24 (w,m)) = P([Ak] = 24 (w), 1Al = 24 (u)),

and

B([Ukmll = 2—(u,m)) = P(|AR]) > 2—(w)).

Taking lim sup,,,_,, in (7)—(8) and using the convergence results above yields

lim sup P(pr,m < u, pom < u) P(HAkH > x4 (u), [|Al > x+(u))
o T Pl ) PIa =0 (w)

(9)

By Lemma 3, for any n > 0, there exists yo such that for all y > yo, r—(y+¢) < (1+n) ry(y—e).
Since 7 is strictly decreasing on the upper tail, ¢(u) — oo as u | 0. Hence for sufficiently small u,

c(u) > yp and Lemma 3 applied with y = c(u) gives

z_(u) =r_(c(u)+¢e) <(L+n)ry(c(u) —e) = (1+n)z4(u).

10



Since the tail probability P(||Ag|| > ¢) is nonincreasing in ¢, this yields
P(|Akll = z—(w)) = P(|Axll = (1 +m)zy(u)).

Combining this with (9) yields, for u small,

lim sup P(prm < u, pem Su) _ P(Ak] = x4 (u), Al > 24 (u))

Finally, choose n > 0 small enough so that (1+17) < 1/2/(1 + kge). Since x4 (u) — oo as u ] 0,

Lemma 2 applies, and thus the right-hand side tends to 0 as u | 0. Therefore,

. . P(pk,m < u, Pe,m < 'LL)
lim lim sup

= 0.
w0 m—oo ]P)(pkﬂn < U)

This proves the proposition.
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